FINANCE 173 RECAP

1. R1IsK M ANAGEMENT

Coherent Risk Measure: A risk measure p (X) defined on losses is said to be coherent if it satisfies the
following properties.
L p(X 4 ¢) = p(X) + ¢ Translation Invariance
IL. p(AX) = Ap(X), A > 0 Positive Homogeneity (not affected by the units of measurement)
HIp(X +Y) < p(X)+ p(Y)Subadditivity
IVIEP(X <Y) = 1then p(X) < p(Y) Monotonicity
VaR is defined by

VaR, (X) =inf {z|P (L > z) <1 —a} =inf{z|G (z) > a}
= G~ ! (a) when it exists.
When the distribution function is continuous,

CVaR, (X)) =E[X|X > VaR, (X)]
otherwise
E|X-1 a
CVaR, (X) = [ {1X_2‘; R (x))]

The following table shows the properties of variance, VaR and CVaR (Expected Shortfall, Conditional
Tail Expectation)

+VaR, (X)- (1 —a—P(X >VaR, (X))

’ \ o VaR CVaR ‘

I | No Yes Yes
II | Yes Yes Yes
IIT | Yes No Yes
IV | No Yes Yes

f(x)exp<(““’ ) !

Normal Distribution:

202 V2ro?

and VaR and CVaR for normal random variable are given by

VaRy = p+oN"' ()
and

VaR, —
CVaRy =+ —2 N( @ “)
-« o
Rating Agencies: Moody’s and S&P

Internal Rating: All banks use to assess the creditworthiness of borrowers and counterparties.
Altman’s Z-Score: used to estimate default probabilities based on accounting data

Z =1.2X; + 1.4X5 + 3.3X;3 + 0.6 X4 + 0.999 X
1
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where X is the ratio of Working Capital to Total Assets, X5 is the ratio of Retained Earnings to Total
Assets, X3 is the ratio of Earnings Before Interests and Taxes (EBIT) to Book Value of Total Liabilities and
X5 is the ratio of Sales to Total Assets.

Hazard Rates means Default Intensities. Survival function S (t) = Pr(7 > ¢) = 1 — F (¢) and the hazard

rate A (t) = —% and it can be easily derived that

S(t) = exp (— /Otx(y) dy)

and Reduced Form models assume A follows a SDE.

The Average Hazard Rate ) (t) is defined by A (t) = —M and S (t) = exp (—A(t) - t) and F (t) =
1 —exp (—A(t) - t).

Cumulative Hazard Rate is defined by I' (t) = —In (S (¢)) and Hazard Rate can also be written as

0
MI=1T"F

and CDF in terms of Hazard Rate can be represented as

=lim P(r <t+hlT > 1)
h—0

Ft)=1—exp(-T(t))=1—exp (—/Ot)\(u)dl/>

Hazard Rate can be interpreted as default intensities by observing the following derivation

P(t<7<t+h|r>t) S(t) = S(t+h)

S(t)
t+h
= 1—exp (—/t A(s)ds)
~ h-A(t)

Recovery Rate RR is used to indicate that when an obligor defaults on a loan, the percentage of the
value of the contract remains after default.

Loss give default LGD is defined by LGD =1 — RR.

Moody’s has found the following equation provided a reasonable fit to historical experience (1983-2004)

RR = 0.52 — 6.9 x Average Default Rate
Consider a zero-coupon bond, the implied default probability can be derived as
1= e—sT
1T 1-RR
by equating the theoretical bond price e~ ("t9)7 and the market price e "7 (g- RR+1—gq).
The difference between implied default probability ¢ and real world default probability p: ¢ is derived
under risk neutral probability measure for pricing purpose. For real world risk management and portfolio

selection, p derived from accounting data should be used.
Structural Models: Merton, First Passage (Firm defaults at 7 = inf {¢|A; < b} and P[t <7 <t +dt] =

_In(b/A0) ~ (in(/40)~ (n-
V2oro2t3 2to?

2
t
) ) ) dt), Boundary Crossing.

Several Spreads:
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e TED Spread: is a measure of credit risk for inter-bank lending. It is the difference between 1) the
risk free 3 month U.S. treasury bill rate; and 2) the three month LIBOR rate, which represents the
rate at which banks typically lend to each other.

Merton’s Model:
e Capital Structure: Liability L due at T, Asset A; follows a Geometric Brownian Motion

dAt = /J,Atdt + G'AtdZt

o2
At :Aoexp ((p,— 2) t+UZt>
e At T, what happens

— If A; > L, bondholder receives L, shareholders receive Ar — L
— If A; < L, bondholder receives A;,shareholders receive nothing.
e Payoff function for
— Shareholder: Call option on the assets max (A; — L,0)
— Bondholder: A; — max (A; — L,0)
e Use Black-Scholes to price the equity of the firm

E; = A;® (dy) — e "I L& (d)

hence by Ité’s Lemma

In( 4t T i T— In( 4t ,,,,ﬁ T—
where dy = (L)Jjﬂ;j)( ) and dp =dy —ovIl —t = (L)J;( T_2 )( Y
e Probability of default in Merton’s Model

— Real world: P[A7 < L] =N (W)

-

oV T
~ Risk neutral: Q[Ag < L] = N (<W>)
(

o () () » .
e Default happens Ar < L is equivalent to Zp < —=2—~— =/ je.. Z < N1 (PD) where Z is a
standard normal random variable.

Portfolio Credit Risk:
CAPM:
Ri=rp+Bi (Rm —1f) + €
CAPM:: Security Market Line
B[R] =rs+ Bi (E[Ry] —7y)
where 3; = m(?#m and B; is the slope of the regression line from fitting the equation (8 = 1: Neutral,§ >
1:Aggressive, 3 <Ml:Defensive Stocks)
R=a+ PRy +e¢
Note: Securities that lie below the SML are overpriced and vice versa.
Single Factor Model: (Developed by Vasicek, similar in thinking to CAPM) also called single factor
Gaussian copula model. The credit index corresponding to a given name as a systematic component plus an

idiosyncratic component
Yn:ﬁnZJ" Vl_ﬁ%'en
where Z and ¢, are i.i.d. standard normal and the default indicator has the form

v, <m,)
Clearly it is a Bernoulli RV with mean PD,, and variance PD,, - (1 — PD,,).
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The correlation between the credit indices of two different names is
v = o) B[YY,] BB Vo] = BB [27] = b
The correlation between the default indicators of two different names is
. E 1y, <.y 1v<i,y] = PDn- PDm
VPD,, - (1= PD,)-PD,, - (1 - PD,,)
Bivariate normal distribution with correlation r is given by

N R —7’”2*(””231’2 dxdy
z,y,r)=P(X <z,Y <y)= e 20-m) =
2 (@.3,7) = B n=| | o

Total portfolio loss is given by

N
LT = an (1 — RRn> . 1{Yn§Hn}
n=1

and the systematic loss is given by
Ls =E[Lr|Z]

which is often referred to as the “large portfolio limit”.
Conditional expectation for a given name is deduced as follows

Z] = P[YnSHn|Z]
= P[6.2+VI- B2 -en < HolZ]

Hn_ﬁnZ
JIs &

N N-Y(PD,) - B.Z
Vi3

Hence the systematic loss is a decreasing function of the global systematic factor Z by observing

N _
LSan(lRRn)N<N 1%5’%)

E[lpy,<m.

n=1

The VaR Lg, is simply given by

N —
n=1

V1-83

by applying Euler’s Theorem

N
- OLs.o
LS,a - ngl wnTu)n
where
71 _
aLS,a _ (1 . RRn)N N (PDn) 571,21—(1
Owy, 1-32
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Basel Accord II: The single factor model forms the basis for the credit risk approach of the second Basel
Capital Accord. The economic capital is based on VaR which is at the 99.9% confidence level with a one
year time horizon.

The capital charge for an instrument is

EAD-LGD - (WCDR — PD)-MA

where

71 —
WCDR = N (N (PDy,) BnZo.om>

V1-87

Multi-Factor Model: Credit index is defined by

K
Yn = Zﬁn,kzk +

K
2
1= Baien
k=1

k=1
and the total portfolio loss is given by
N
Ly =Y wy(1—RRy) iy, <,
n=1

and the systematic loss as before is given by

N=YPD,) = B0 oK, BurZ

V1= 82,

Note that in the multi-factor model, VaR can not be computed explicitly unless all factor correlations are
the same. Moreover, Large Portfolio Limit says

lim LN —E [LN|Z] =0
N—oc0

N
Ls =E([Lp|Z1,--+ , Zk] = > wn(l— RR)N
n=1

Industry Examples: Credit Metrics/ KMV
Y=8-Z+c¢
where Y is the vector of default indicators, Z is the vector of systematic factors, 8 is the matrix of factor
loadings and e is the vector of idiosyncratic factors.
Normal Mixture Models: Default indicators are given by
Y=m(W)+VvIW. X

where X =8-Z+¢, Z~ N (0,X),e ~ N (0,I). A key example is when v/W has a chi-squared distribution
with v degrees of freedom, this is a multivariate ¢ model.
Bernoulli Mixture Models: Default indicators are given by

Yy= (yla"' 7yN) S {071}N
and
PlY =y|Z = 2] =1I)_,PD, (Z)* (1 — PD, (2))""

Exchangeable Bernoulli Mixtures: Conditional Default Probability Q@ = PD (Z) and the distribution
of number of defaults is given by

P(M=n)= ( N )/Olqm—q)N‘"dG(q)

n
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and there are three variations on
e Beta: Q ~ B (a,b)
e Probit: Q=@ (u+02),Z~N(0,1)
e Logit: Q=F(u+0Z2),Z~N(0,1),F (z) = (1+exp(—z)) "
Copulas: is used to model multivariate random variables. The basic idea is to separate the modelling into
Marginal Distributions and Dependence Structure(copula)
Fact: Suppose that X is a random variable with CDF F' (z), then U = F' (X) has a uniform distribution
on (0,1). This can be seen from discussion below.

PU<z)=P(FX)<2)=P(X<F '(2)=F(F '(z) =2
hence any random variable X with CDF F'(x) can be generated via generating a uniform random variable
U on (0,1) followed by applying F~1 (-) to this random variable.

Side note: If one wants to generate normal random variables, firstly Cholesky decompose ¥ = LLT,
then simulate a normal random vector with mean zero and variance-covariance matrix I, lastly define your
X=p+LZ

Correlation is not a good indicator of dependence since it only measures linear dependence.

e Formally, a copula is the joint distribution function of N random variables with uniform (0,1)
marginal distributions.

o If X = (Xy,---,Xy) is a random vector with joint distribution function F', and marginal distribu-
tions F,--- , Fy then the copula of X is
C(u1, - ,un) = F(Ff1 (u1),--, Fy' (uN))
e Alternatively, the copula of X is the joint distribution of (F' (X1), -, F (Xn))

Suppose we want to generate N random variables with a given copula C, and marginal distributions
Gy, Gy
e First simulate Uy, --- , Uy with joint distribution C'
e Then compute X,, = G, (U,)
Example: Gaussian Copula
Suppose we want to have N random variables with the same copula as an N dimensional normal random
variables with variance-covariance matrix ¥, but with marginal distributions G1,--- ,GxN
First simulate X = (X1,---, Xy) from the distribution N (0,Y), then define Y,, = G,;* (N (X,,))
Coefficient of Tail Dependence: Let X; and X5 be random variables with marginal distribution functions
Fy and F5. Then the coefficient of upper tail dependence of X; and X5 is given by

Au = Ay (X1, Xp) = 13{17 P(Xo > Fy' (q) | X1 > FT ' (9)
q

notice that A, depends only on the copula of (X, X2), not on the marginal distributions.

For Gaussian Copula, \,, = 0 asymptotically. For the copula with a ¢ distribution, A, = 2¢,41 < Tts

Archimedean Copulas

General Form: C (ug, -+ ,uy) = &1 (25:1 0] (un))
Clayton: ¢ (t) =601 (t79—-1),0 > -1

Gumbel: ¢ (t) = (—Int)?,0 > 1

Frank: ¢ (t) = —1In (ee_jjll)

(v+1)(1—p)

)
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Weakness: Tail (In)Dependence
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2. RoBUST PORTFOLIO OPTIMIZATION

2.1. Black-Litterman Model. Incorporate investor views into the mean-variance model. Base model
makes an equilibrium assumption, i.e., investors who do not have a view on the market will hold the market
portfolio. In order to achieve the above goal, one has to

e Step One: Define Market Equilibrium

e Step Two: Express Investor Views

e Step Three: Combine and Estimate

2.1.1. CAPM Assumptions.
E[Ri] — Ry = Bi (E[Ru] — Ry)

where 3; = cov(fi,Fiar) , Ry = 27]:[:1 wl R,,. Thus

oM

N
E _
E[Ri] — Ry = ElRu] = By > wheov (R;, Ry)

o3, —
For simplicity, CAPM assumptions are represented as
E[Ri] — Ry
= ; =4-Yu’
E[RN] — Ry
where scalar § = %, 3 is an n X n variance-covariance matrix with the i-th row, j-th column

component being cov (R;, R;j) and w® is an n-by-1 vector containing the weights.
Uncertainty in Mean Estimation is modeled as

II=p+em,en~N(@O,7-%)
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where 7 is chosen to represent the degree of uncertainty in the estimate of the vector of expected returns.

2.1.2. Investor Views.
q=Pu+eges~N(0,Q)
where ¢ is a K dimensional random vector (K views), P is a K x N matrix expressing the views and ) is a
K x K covariance matrix expressing the degree of confidence in the views. For example, N = 5 stocks
e Stock 1 will have a return of 1.5%
e Stock 3 will outperform Stock 2 by 4%.

Above two views can be incorporated into the following system

K1
5%\ _ (1 0 00 0| 2| (a
% J~\o -1 1 0 0 ZS €

4

Hs

2.1.3. Combine and Estimate. A linear model for i combining equilibrium and investor views is given by

y=Xp+ee~N(0,V)

I 1 7% 0
o= (4 )= (r)v=(% a)
The generalized lease squares estimator for the above model is given by

fpr = (X'VIIX)T XV

()G () ()
(0 () 0 (3

= (em™ +P91P) (=) 4 Prag)

where

Note that if we only consider views, fi; = (P'P)"" P'qg and P (P'P)~' P = I. Therefore after decomposition
of above, we get

—1 —1
i = ((72)*1 n P'Q*lp) (r2) I+ ((Tz)*l n P’Q*lp) PO Py
Equlibrium(CAPM) Views
= wnll +wgfir

where wr +wy = I. We can further get

fipr= I +7-SP (Q+7-PSP) " (¢—10)
CAPM Tilt

and the variance of the Black-Litterman estimator can be calculated explicitly as

1

var (jipr) = (X'V1X) 7 = ((T D P’Q*IP)_
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2.2. Two Fund Theorem Recap. Any mean variance efficient portfolio can be written as a combination
of two particular portfolios.
The mean variance optimization problem is given by

min,, %wTZw —Twlp
st. wll=1
The Lagrangian can be written as
1
L(w,\) = inZw —rw'p— A (w1 -1)
leading to the optimality condition
Sw—Tu—A1=0

and the optimal portfolio is given by
w=7Y"lp+ 2711

and this is a linear combination of the minimum risk portfolio w,, = % and the market portfolio
-1
Wm = 1§2—F1L1'
Suppose that there is a risk-free asset with return Ry and N risky assets with return R,,n € {1,--- ,N}.

The utility maximization problem of investor k is given by

max E [U (Zf:fzo wan)}

N
st. Do Wy =1

Suppose that the utility function for investor k satisfies
U]/C (33) = (Ak + ka)ic
where Ay, By, can vary between investors, but ¢ is the same for all investors. Prove the following:

Theorem 1. (Two-Fund Theorem) All investors will hold a combination of the risk-free security and a fixed
portfolio of the risky assets, i.e., while investors may place different amounts of wealth in the risky assets,
they will always invest in the risky assets in the same proportions.

Proof. Omitted here. O

2.3. Can the sharp ratio between two risky assets exceed the slope of capital market line
(CML)?. Why CAPM? What is the simple proof of this market equilibrium model?

We know that a marginal utility of asset 7 is equal to the expected return minus its contribution to the
volatility of the portfolio, i.e.,

E[T’Z} — Q0;m = k
where a is the risk aversion, ¢;,, = cov (r;,r,) and k must be the same for every asset because of the
optimality assumptions (Otherwise one would invest more on the other asset with higher risk premium).
Notice that
E[Tf] — a0 fm =Tf = k
and
Elrm]) —aomm =75
which is equivalent to
E[rm] —ry

var (o)
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therefore the CAPM model can be represented as
Oi,m
Elr]—ry=——— E[rn] —
[ri] =1y = ) (E[rm] —7y)

The expected payoff of the portfolio is given by

N
R=> w,R,
n=1

and the variance of R is trivially derived as

var(R) = E [(R —E [R])2]

= E[R’] -E[R)’

[/ N 2 N 2
= E (anRn> ~E Y wnRy,
n=1 n=1
(N N N N
= E|D > wwiRiR;| = > > ww;E[R]E[R;]

|i=1j=1 i=1 j=1
N N
= Y ) wiw; (E[RiR;] - E[R]E[R,])
i=1 j=1
N N
= ZZwichov(Ri,Rj)
i=1j=1
= w'Sw

where ¥ is the covariance matrix with (4, j)-th component being cov (R;, R;). For the purpose of illustration,
let w; = +,Vi € {1,--- , N}, cov (R;, R;) = a, Vi, jand var (R;) = b, Vi, we can see that

1 N(N -1 1 N-—-1
’UCL’I"(R) = NCL—F %b: Na—l— Tb
the covariance can not be diversified away as we increase the number of assets in the portfolio.
The problem can be mathematically stated as is it possible to have
E[R) ~E[R;)  E[R] =1
g (Rl - RJ) g (Rmv)

The short answer is NO since the above implies

g (Rz - R)
ﬂi - ﬂj > p (Rmv)j

hence
cov (R; — Rj, Rimw)

o (R — )0 (Rom)

which is not possible.
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3. NUMERICAL COMPUTATION FOR FINANCIAL MODELLING
It is always good to know that by definition
Var (Y|X)=E|(Y —E[Y|X])?|X
and
Var (Y) =E var (Y|X)] + var (E[Y]X])
3.1. Brownian Motion. The Brownian motion with drift is given by
dX = adt + odZ

where adt is the drift term, o is the volatility and dZ is a random term in the form of dZ = ¢v/dt , in which
¢ is a standard normal random variable. Notice that

E[dX] = adt
and
Var (dX) = o*dt
and it can be both numerically or analytically verified that, as dt — 0, with probability one, dZ? — dt. In
another word, dZ? becomes non-stochastic (Quadratic Variation).

Lemma 2. (It6’s Lemma) Suppose we have some function G = G (S,t) and dS = a (S,t)dt + b (S,t) dZ,
then

2
dG = (aGs + Gss% + Gt> dt + GsbdZ

Proof. We take a Taylor expansion on dG up to the second order approximation

dG

GsdS + Gydt + %Gss (dS)* + %Gtt (dt)* + Gy (dS - dt)
= Ggs(adt +bdZ) + Gdt + %ngdet

2
= (aGs + %Gss + Gt> dt + bGgdZ

Application of 1td’s Lemma: Solve GBM dA; = pAidt + o AydZ;
Notice that
1 02 A? 1 1 o2

Taking integration on both side from 0 to ¢, one can easily get

2
lné: (u—?)t—i—a(Zt—Zo)

o2
A = Agexp ((u— 2) t-i—O'Zt)

(Zo = 0) by the definition of Wiener Process.

hence
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3.2. Black-Scholes Equation.

2
The stock price follows GBM. (dS; = uSidt + 0S1dZ;, i.e., Sy = Soe<“_%>t+ozt)
The risk free rate of return is a constant r. (dB; = rBdt, i.e., By = Boe”)
There are no arbitrage opportunities
Short selling is permitted

Let C (S,t) be the price at time ¢ of the derivative. Premium is C (Sp,0) and payoff at maturity T is given
by C (S,T) = (St — K)" for a call.
By Itd’s formula,

2
dC:%dt—l—@dS-i-laC

2
ot 5548 * 5952 (49)

therefore

dC = (Ct + uSCs + 30252033) dt + CsoSdZ

By no arbitrage pricing theorem, price of the derivative is equal to the price of a replicating portfolio.
We use V; to denote the value of the portfolio at time ¢. It is simply composed of stocks and bond, i.e.,
Vi = aySy + by By. Assume it is a self-financing strategy.

t t
m=v0+/ asdst+/ b,dB,
0 0
then

dVy = a;dS; + bdBy
= (at/LS+thBt)dt+atO'SdZt

Since V is a replicating portfolio, i.e., V; = C (S, t),Vt € [0,T], we get dV; = dC. Thus
a; = Cyg
and
Cy + nSCs + %UQSQCSS = auS + byr By

C—-CsS:
By

Rearrange the above terms and simplify in use of by = , we get

—rC +C, +7SCq + %aQS%SS =0

which is the classic Black-Scholes equation.

Feynman-Kac Formula: (Under Risk Neutral Measure)

If S follows dS = rSdt + 05dZ and C satisfies —rC + Cy +rSCgs + %JZSZCSS =0, C(Sr,T) gives payoff
at T, then

C(Sy,t) =E [e7"T=DC (Sp, T) | Fy
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The premium for a European call is

C(S0,0) = E[e"™"C(Sr,T)|Fo]
= ¢ "TE [max <Soe(ro22)T+ZT - K, O)]

o2
= ¢"E [(Soe(r_2>T+ZT - K) : 1{ST>K}]

o2
2

6—7‘TSO€(T )TE [BZT . 1{ST>K}] —e K -E [1{ST>K}}
Notice that

E[1s;>x3] = P(Sr>K)=P(nSr>mK)
Since In St ~ N (ln So + <r — %2) T, O‘QT), we can get

P(InSr > InK)

i W

oVT oV T

The first term can be also derived in a similar fashion. Actually one can use E [eX . 1{€x>a}] =emtEd (%‘;1““)

where X ~ N (m, V) or use change of measure method.
In all, the pricing formula for Black-Scholes is given by

1n(%)+(r+”;):r 1n(%)+(r—%)T

C (So,0) = SoN s =

3.3. Discrete Hedging. Bear in mind these Greeks for Black-Scholes Model
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Table 6.1: Formulz for European call.
P Table 6.2: Formulz for European put.

Call

Put

Payoff max(§ — K, 0) Pavoff max(K — 5.0)
Value V' SeHXT=ON(dy) — Ke T ON () Vaiue v —Se~ DTN —dy ) + Ke T —ON(—dy)
B]ack—S{.:holes value . Black-Scholes value
Delta 2% e~ D=0y Delta 2% DT (N(d) — 1)
Sensitivity to underlying Sensitivity to underlying

22¥ DTN i,y A2y e~ DT =0

= —r Gamma S —sTrT
Sensitivity of delta to Sensitivity of delta to

underlying underlying

; S, PP ay s 5e= KT DN (—d)y , —D(T—1)

Theta 2% =S T ONE) | pweaypeXT-0 Theta 4¢ ~ g - DSV dpePT0

Sensitivity to Hme

—rke— I'{-'nl}.—n':l_,ir{ A )

Sensitivity to time

ke T TDN(_dy)

Ay e DT-Dyrayy o 23y e XTOntga)) L —
peel = Ty < (@ evT=) Speed T3 Ty +eVT=)
Sensitivity of gamma to Sensitivity of gamma to
underlying underlying
- .
2y . aly —IXT— ) as —INT—Optr
Charm 2L DeDT-DNd) 4 PT-DNa)) Charm 21 De~XT-D(N(d) — 1) +e ON'(dy)

- d; —
Sensitivity of delta to time Senstitvity of delta to ime (!?T—r; o )

23¥ e T —yriay

A ~ICT =0 gy =
Colour % —3 eLd - E S i

as® : a i _ —d)dn  d)(r—I)
Sensitivity of amma to time 1—dyd. dy(r—m Sensitivity of gamma to ® (D— m—‘—f_ - _l_rT-— )

¥ g X(D_TT]—?%_-«I:’T—-_I-] Hme . e

3V . av —INT—D i,
Vega 2V SYT =1 DT =Dpra) Vega 3% ST =t T ON' ()
Sensitivity to volatility Senslti\.'it}l-'rto volatility _
. ) o _ e T-Dp¢_
Rho (1) & K(T — 0e " T-DN(dy) Rho () 7 KT —0e Ni—dz)
Sensitivity to Interest rate
Sensitivity to Interest rate - -
- T Rho (0) 2 (T — 05e T Oyi_d))

:]m D) 5 dvidend vield ~(T - e Nedy) Sensitivity to dividend yield
ensitivity to dividend wvle P . e

3!'2 ; ) o Vanna =i —e"'hT"':'.'\'"de)E,,-’-
Vanna = —e D=0 (d) ) o

a5 da ° Sensitivity of delta to
Sensitivity of delta to volatility

volatility )

a2 8
Volga/Vomma Y ST e DT-Dpyrapy @itz

Sensitivity of vega to
volatility

Volga/Vomma ¥ SYT e DT -Dpyrgap 2

aos
Sensitivity of vega to volatility

‘Hedging’ in its broadest sense means the reduction of risk by exploiting relationships or correlation (or
lack of correlation) between various risky investments. The purpose behind hedging is that it can lead to an
improved risk/return.

Model-independent hedging: An example of such hedging is put-call parity. There is a simple rela-
tionship between calls and puts on an asset (when they are both European and with the same strikes and
expiries), the underlying stock and a zero-coupon bond with the same maturity. This relationship is com-
pletely independent of how the underlying asset changes in value. Another example is spot-forward parity.
In neither casedo we have to specify the dynamics of the asset, not even its volatility, to find a possible
hedge. Such model-independent hedges are few and far between.

Model-dependent hedging: Most sophisticated finance hedging strategies depend on a model for the
underlying asset. The obvious example is the hedging used in the Black—Scholes analysis that leads to a whole
theory for the value of derivatives. In pricing derivatives we typically need to at least know the volatility of
the underlying asset. If the model is wrong then the option value and any hedging strategy could also be
wrong.

Delta hedging One of the building blocks of derivatives theory is delta hedging. This is the theoretically
perfect elimination of all risk by using a very clever hedge between the option and its underlying. Delta
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hedging exploits the perfect correlation between the changes in the option value and the changes in the stock
price. This is an example of ‘dynamic’ hedging; the hedge must be continually monitored and frequently
adjusted by the sale or purchase of the underlying asset. Because of the frequent rehedging, any dynamic
hedging strategy is going to result in losses due to transaction costs. In some markets this can be very
important.

Gamma hedging To reduce the size of each rehedge and/or to increase the time between rehedges, and
thus reduce costs, the technique of gamma hedging is often employed. A portfolio that is delta hedged is
insensitive to movements in the underlying as long as those movements are quite small. There is a small
error in this due to the convexity of the portfolio with respect to the underlying. Gamma hedging is a
more accurate form of hedging that theoretically eliminates these second-order effects. Typically, one hedges
one, exotic, say, contract with a vanilla contract and the underlying. The quantities of the vanilla and the
underlying are chosen so as to make both the portfolio delta and the portfolio gamma instantaneously zero.

Vega hedging The prices and hedging strategies are only as good as the model for the underlying. The
key parameter that determines the value of a contract is the volatility of the underlying asset. Unfortunately,
this is a very difficult parameter to measure. Nor is it usually a constant as assumed in the simple theories.
Obviously, the value of a contract depends on this parameter, and so to ensure that a portfolio value is
insensitive to this parameter we can vega hedge. This means that we hedge one option with both the
underlying and another option in such a way that both the delta and the vega, the sensitivity of the portfolio
value to volatility, are zero. This is often quite satisfactory in practice but is usually theoretically inconsistent;
we should not use a constant volatility (basic Black—Scholes) model to calculate sensitivities to parameters
that are assumed not to vary. The distinction between variables (underlying asset price and time) and
parameters (volatility, dividend yield, interest rate) is extremely important here. It is justifiable to rely on
sensitivities of prices to variables, but usually not sensitivity to parameters. To get around this problem it
is possible to independently model volatility, etc., as variables themselves. In such a way it is possible to
build up a consistent theory.

Superhedging In incomplete markets you cannot eliminate all risk by classical dynamic delta hedging.
But sometimes you can superhedge meaning that you construct a portfolio that has a positive payoff whatever
happens to the market. A simple example of this would be to superhedge a short call position by buying
one of the stock, and never rebalancing. Unfortunately, as you can probably imagine, and certainly as in
this example, superhedging might give you prices that differ vastly from the market.

Crash (Platinum) hedging The final variety of hedging is specific to extreme markets. Market crashes
have at least two obvious effects on our hedging. First of all, the moves are so large and rapid that they
cannot be traditionally delta hedged. The convexity effect is not small. Second, normal market correlations
become meaningless. Typically all correlations become one (or minus one). Crash or Platinum hedging
exploits the latter effect in such a way as to minimize the worst possible outcome for the portfolio. The
method, called CrashMetrics, does not rely on parameters such as volatilities and so is a very robust hedge.
Platinum hedging comes in two types: hedging the paper value of the portfolio and hedging the margin calls.

4. QUICK OVERVIEW OF MATHEMATICAL MODELS FOR FINANCE

CIR Model, Heston Model, HIM etc.

5. INTEREST RATE MODELS

From one factor short rate to two factor short rate to Heath-Jarrow-Morton Framework.

Market Models: LFM, LSM

Consider a perfect market, i.e., all bonds with all maturities exist. There is only one interest rate for
lending and for borrowing.
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P (t,T) denotes the price at t of the zero-coupon bond with maturity 7. Of course, P (T,T) = 1. Yield
to maturity is denoted as Y (¢,T). P (¢,T) is Fi-measurable and it is always positive and continuously
differentiable.

A forward contract is an agreement to buy at T' the asset S for Sg (0,T). It is designed to enter into
with no premium cost. The payoff for forward contract at T' is St — Sg (0,7). In order to replicate the
payoff of the forward contract, a buy&hold strategy until 7" is to buy 1 share of stock at time 0 for Sy and
sell Sp (0,T) units of bonds for P (0,7). At time T, the payoff of this portfolio is Sy — SF (0,7) which is
identical with the payoff of the forward contract. By law of one price principle, the price of the strategy is
exactly the same to the price of the forward, i.e.,

So — Sp (0,T) P(0,T) =0

Solving above equation, we get the forward price (strike price)

So
Sr(0,T) =
r0.7) P(0,T)
and the forward price at time ¢ is
St
Sp(t,T) = PT)

Similarly, a forward rate for [S,T]with 0 < S < T is a contract guaranteeing a risk-free rate. We want
to replicate a contract that allows us to invest 1 at time S and get R (0,5,7T) interest rate for the period
[S,T]. Tt is designed at 0 with a 0 premium.

There are two cash flows: at time S, we invest 1 dollar and at time 7', we receive e

To replicate the above payoff, we devise a strategy:

R(0,5TUT=5)in return.

e At time 0, sell a bond with maturity S (receive P (0, S)instantly), buy bond with maturity 7" for
P(0,5)
P(0,T)

e At time S, must pay 1 dollar

P(0,5)

P(0,T)

Therefore let (05T (T=5) — 5%8?5’%7 we can get

shares.

e At time T, you receive dollars.

R&&ﬂzf%ngmﬁ—mP&ﬂ)

Similarly, a forward rate is given by

—(InP(t,T)—1InP(t,595))
T-5

and when T' — S, we get the instantaneous forward rate

OlnP(t,T)
“r - F(t,T)

P(t,T) =exp (— /fT]-'(t,u) du)

Forward rates characterize the bond prices. Yield to maturity P (¢,T) = exp (=Y (¢,T) (T — t))thus

(ff@mﬂu:_meﬂ
T—t T—1t

R(t,8,T) =

R(t,S,T)—

If 7 (¢,T) is known for all ¢ and T,

Y (t,T) =
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r (t) is the yield of investment at time ¢ for an infinitesimal time period and

In P
Y (t;t 4 dt) = —w - a%(—lnP(t,T)) lr—y = F(t,t)

B0 =eo (| t ruds)

ie, bank account with stochastic interest rates. If we assume there is no arbitrage in the market, there are
strong relationships among dP (t,T),dF (t,T),dr:,dB;
Linkage between P (t,T) and r;:

If r; is constant, P (¢t,T) = exp (—r (T —t)) .If not, is it true P (¢,T) = exp (— j;T rsds)? If there is no

Note that

arbitrage, there must exist risk neutral measure Q such that

mp(le@>U4

P(t,T) =Eq

Term Structure of Interest Rate
Short Rates Model:

dry = p(t,re) dt + o (t,re) dWy
notice that r is not a traded asset. The bank account
dBt = ’I”tBtdt

and price of ZC bond
P(t,T)=F(t,r,T):=FT (t,7)

can not be replicated with B because there is no unique price for P. There is a strong relationship between
P (t,T) and P (t,5). The idea to find the link is to build a portfolio with P (¢,T") and P (¢, .S) to replicate a
bank account. It is equivalent to building an adapted self-financing strategy that is risk free.

V(t)=hi(t)P(t,T)+ hao(t)P(t,5)
where hq (t) denotes the number of shares of bond with maturity 7" and hg (¢) denotes the number of shares

of bond with maturity S. We want to make V riskless and self-financing.

AV (t) = hydP (t,T) + hodP (t, S)

By Ito’s formula,
1
dP(t,T) = ﬂ%HJ€m+§EMmf

1
= Fldt++FT (udt +cdW) + iFTTTUth
1
= <FtT +uFT + 202Fﬁ;) dt + o FFaw
hence

dP(t,T) T
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T T 2
where a7 := % and o7 := ai%‘T. Thus d“//((ttf)T) can be represented as
av (t,7)  hP(tT)(a"dt+o"dW) + hoP (t,S) (adt + o%dW)
20 V(1)
hiP(t,T P
1P (t, )aT+ hoP (t,5) dt
V(t) V(1)
hPt,T) r hoP(t,5) ¢
dw
( v T T v
Notice that u; + v; = 1 and we want V (t) riskless, i.e., urol + v0° = 0 therefore
o° ol
Ut =="T _ ;5= ;T _,5
The no arbitrage condition implies that
utaT + vtas =T
which is equivalent to
T g8 T T g5 T
vSs, T,
it Y
o o

this ratio is the market price of interest rate risk and it is independent of T" and S. In conclusion, we
arrive at the PDE for bond price

1
Fl' + (u— o) FF + §a2F§; —rFT =0

T T, 1pT 2 T
Eotnly 45Fo 5T = 78 and )\ = QZT_T.

with the boundary condition FT (T, R) = 1 where aT = T , o 7
Moreover,
FT(t,r,T) =Eq {e_ I “ds}
where

drt = (/J, — )\0') dt + O'dZt
where Z is a BM under Q and each A gives a risk neutral measure.
The Vasicek model (one factor model describing the evolution of interest rate) is given by

dri=(b—ar)dt+ o dW

n(tr) otr)
By Itd’s lemma, we can get
d(rie®) = are®dt+e™ ((b—ar)dt+odW)+0
= be™dt 4 ge®dW

Taking integration on both sides, we get

T T
rpe?” — g = / betdt + 0/ e dW,
0 0
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thus

T T
rr =roe % 4 e T / be®dt + JefaT/ e dW
0 0

NN(O,02€_2QT fOT 62”"’dt)
CIR model (Cox-Ingersoll-Ross)

dr =a(b—r)dt+o\rdW

It can be proved that r > 0 almost surely.
Hull-White Model

dr = (0(t) — ar)dt + cdW
Dothan Model

dr = ardt + ordW

o2
rt:roexp<(a— 2>t—|—aWt> >0

hence

In a one factor model, cor (P (t,T1), P (t,75)) = 1 which is not true in a two-factor model.

HJM model Refer to Wikipedia

19

The classical short rate models are shown in the following table: From “Interest Rate Models - Theory

and Practice” by Brigo

Model Dynamics r=0] r~ [ABJAO
A% dry = k[0 — r¢]dt + odW,; N N Y |Y
CIR dre = k[0 —.]dt + o /FdW, Y | NO? | Y| Y
D dr, = arydt + or dW, Y LN Y | N
EV dry =71¢ [n— alnr] dt + ordWy Y LN | N|N
HW dry = k[0, — ri|dt + odW, N N Y |Y
BK dry = ry [ — alnr] dt + or dW, Y LN N | N
MM | dro=r[n — (A= ) mrdi +oraw, | Y | LV | N | N
CIR++ | ry =2+ @i, doe = k[0 —z]dt +o/TdWe | Y |SNOE| Y | Y
EEV | ri=z 4+, doy = x4[n — alnz,|dt + oz, dW, | Y° SLAN | N | N

Table 3.1. Summary of instantaneous short rate models.
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Where V, CIR, D, EV, HW, BK, MM, CIR++, EVV stand respectively for the Vasicek (1977) model, the
Cox, Ingersoll and Ross (1985) model, the Dothan (1978) model, the Exponential Vasicek model, the Hull
and White (1990) model, the Black and Karasinski (1991) model, the Mercurio and Moraleda (2000) model,
the CIR++ model and the Extended Exponential Vasicek model. N and Y stand respectively for “No” and
“Yes”, whereas Y* means that rates are positive under suitable conditions for the deterministic function ¢;
N, LN, NCx?, SNCx?, SLN denote respectively normal, lognormal, noncentral 2, shifted noncentral x?2
and shifted lognormal distributions; AB(O) stands for Analytical Bond (Option) price.

Interest rate swap is a contract between two parties to exchange interest on a specified principal. The
exchange may be fixed for floating or floating of one tenor for floating of another tenor. Fixed for floating
is a particularly common form of swap. These instruments are used to convert a fixed-rate loan to floating,
or vice versa. Usually the interval between the exchanges is set to be the same as the tenor of the floating
leg. Furthermore, the floating leg is set at the payment date before it is paid. This means that each floating
leg is equivalent to a deposit and a withdrawal of the principal with an interval of the tenor between them.
Therefore all the floating legs can be summed up to give one deposit at the start of the swap’s life and a
withdrawal at maturity. This means that swaps can be valued directly from the yield curve without needing
a dynamic model. When the contract is first entered into the fixed leg is set so that the swap has zero value.
The fixed leg of the swap is then called the par swap rate and is a commonly quoted rate. These contracts
are so liquid that they define the longer-maturity end of the yield curve rather than vice versa.

Mortgage Backed Security (MBS) is a pool of mortgages that have been securitized. All of the
cashflows are passed on to investors, unlike in the more complex CMOs. The risks inherent in MBSs are
interest rate risk and prepayment risk, since the holders of mortgages have the right to prepay. Because
of this risk the yield on MBSs should be higher than yields without prepayment risk. Prepayment risk is
usually modelled statistically, perhaps with some interest rate effect. Holders of mortgages have all kinds of
reasons for prepaying, some rational and easy to model, some irrational and harder to model but which can
nevertheless be interpreted statistically.

Straddle is a portfolio consisting of a long call and a long put with the same strike and expiration. Such
a portfolio is for taking a view on the range of the underlying or volatility.

Swaption is an option on a swap. It is the option to enter into the swap at some expiration date, the
swap having predefined characteristics. Such contracts are very common in the fixed income world where a
typical swaption would be on a swap of fixed for floating. The contract may be European so that the swap
can only be entered into on a certain date, or American in which the swap can be entered into before a
certain date or Bermudan in which there are specified dates on which the option can be exercised.

6. SEVERAL PRICING EXAMPLES

6.1. Call on Call. Call option will maturity T;, strike L and the underlying is a call option with strike K
and a maturity T2(T; < T3). The payoff of this derivative is given by(C (71, Sty , K, T2) — L)+and this call
on call option can be priced using risk-neutral method. The price at time 0 is given by

Bq [e™™ (C (11, 87, K, T5) — L)
= e Mk [C (T, St K T2) - Yooy 5, 1) >0} — L 1{C(T1,ST1,K,T2)>L}}
Notice that
C (1,57, K, To) = e kg [(Sr, — K)" |Fr,
= SN (dy) — ke "IN (dy)
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where <
L (ROt @y
e CT\/TQ — T1
and

d2 =d1 —O'\/TQ —T1
Keep in mind that C (T3, St,, K, T») is a random variable at time 0 but it is Fp,-measurable. Let f (St,)
denote this option value. (f is strictly increasing)
Hence
{C(Ty,S71,,K,Ty) > L} = {Sr, > f~" (L)}

Ty, =1, {(ST2 -K)t > L} ={Sr, > K + L} and

OC (M S, K o) _ ey e (0,1) > 0

oSt
by observing that (Delta of a call option)
oC od; (T — 0ds
=N(d "(dy) - — ke "= TON (4
aSTl N( 1) +ST1N ( 1) 8ST1 € N ( 2) 6ST1

=0
2

_z=
2

where N/ (z) = e\/ﬁ . Let S* be such that C (T3, 5%, K,T>) = L which can be found numerically. Then the

price of the call on call is
e EG [C(T) 1gg, o5y | — ¢ L-Q (51, > 5Y)
Note that
Q(S, >S5 = Q <Soe<ra22)Tl+UTl > S*)

oy e

VTi oV
v (m(so/s*);;r %) T1)

Recall that E [E [Y|F]] = E[Y] hence as a direct result, if X is F-measurable, E [XE [Y|F]] = E[XY]. In
regard to the first term

B [C(T) 1pg, on] = Bole?® ™ 1py oy Eo[(Sn, - K)"17n]]
= e "(-TIR [I{ST1>S*} (81, — K)+]

= TR 1 oy S L, ] —e T PTVQSE > S5 > K)

B

A

where

o2 o2

B :(@ (111504— (’I“— 2) T —l—O’VVT1 > IHS*,IHSQ—F (’I“— 2) Ty +UWT2 > IHK)
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Define
N (a,b,p) =P (X <a,Y <b)
where X ~ N (0,1),Y ~ N (0,1) with correlation factor p = cov (X,Y). Thus
2 2
W, N In (S*/Sy) — (r - %) T Wr, N In (K/Sy) — (r - "7) T,
VT o1 ’ VI oV 1z

B=Q

and notice that
QX>c¢Y>d) = 1-QX <Y <0)-QX <00, Y <d)+Q(X <¢,Y <d)
= 1—./\/(c,oo,p)—N(oo,d,p)+/\/(c,d,p)

where ¢ — IU(S*/SOJT/T(%f%)Tl and d — ln(K/Soc)r*(TZ*%):’b.

As = EBllg 00 5n s, om0
=" [SOe(T&YZ)T2+UT21{ST1 >s*} 1{ST2 >K}:|

dQ ]

_ rT
= Spe"’E @'1{ST1>S*,ST2>K}

By ~Girsanov theorem, W is a BM under Q. (Eq [%X} = Eg [X], which can be seen from Eq [%X] =
/ %X dQ=[X ddQ, not rigorous). Thus

T
A = S()e Z]EQ [1{ST1>S*,ST2>K}:|

W (/50— (r=9) Ty, W(K/So)— (r- %) T
> , >
\/CZT o1 \/CZT 2V D!
6.2. Exchange Option. S; and S5 are two assets. Exchange option gives the right to receive S; by paying

So at T'. Thus the payoff function is given by
Xr = (S1(T) — So(T)) "

— SQGTT2 (@

where
% = rdt + 0'11dW1 + O'lgdWQ
% = rdt + 021dW1 + JQQdWQ

The price of the exchange option can be derived by computing

E [e*TT (S (T) — S, (T))ﬂ
or make use of the following theorem since ® (?) = max (57 — S2,0) is homogeneous of degree 1.

Theorem 3. (Theorem of Reduction) Let S = (S1,-+,Sp) and ® (/\?) =)o (?) Then the price of

the derivative at t is given by
— Sl Sn—l
F(6,5) = 8.G (12
' < Sn S )
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where G solves

n—1ln—1

1
0 = G+ 5 Z Zfz‘ijij (t, &1, y&n—1) Dyj
i=1 j=1
%
G(LE) = @@ &)
0%G
G =
! 0808
Dij = Cij+Cpp+Cin+Cyj
and
Cc=xx"
where
011 Oin
E =
Onl1 *°° Onn
and is
S: — Mzdt + Z O'idej
J

For exchange option, the terminal payoff is F' (T, S1,S2) = max (S1 — S2,0). In general, the price of the
exchange option at time ¢ is given by

F (t, St (t) , S (t)) =9, (t) G <t S (t))

" S5 (t)
and )
Gy + §§2G€§ (t,§)D =0
and
o1 0
E =
( oap 021 — p? )
thus
oy T _ o}  poioy
pPO102 0%
Thus

D =0} + 03+ 2poi09

Therefore we get

Gy + %£2G£ED = 0
G(t7£) = F(t7£, ]-) = (g_ 1)+
Hence
Go=Eg|e T (Sy — 1)+}
and

St _ g + v Dadw
St
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Note that the standard Black-Scholes PDE is given by
1
—rC+ Cy +1rSCs + 50252033 =0
hence r =0,K = 1,0 =D in
1
G + §§2G§§D =0

In conclusion,

G (0,&) = &N (d1) — N (dz)
where d; = % and dy = dy — oV/T.

Finally,
B S1(0)\
Fy =5, (0) Go 0, S, (0) =51 (O)N(dl) — Sy (O)N(dz)
where d; = RSO/ ON+5E 4 1 = dy — o/T.

VDT
Bear in mind that dS = rSdt + S SdV

6.3. Change of Numéraire. See reference books on the list.
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